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A novel method is proposed to design neutral N-phase (NP 3) elliptical inclusions with internal uniform
hydrostatic stresses. We focus on the study of the internal and external stress states of an N-phase ellip-
tical inclusion which is bonded to an inﬁnite matrix through (N  2) interphase layers. The interfaces of
the N-phase elliptical inclusion are (N  1) confocal ellipses. The design of the resulting overall composite
material consists of four stages: (i) an inner perfectly bonded interphase/inclusion interface which is nec-
essary to make the internal uniform stress state hydrostatic; (ii) outer imperfect interphase layers prop-
erly designed to make the coated inclusion harmonic (i.e., the uniform mean stress of the original ﬁeld
within the matrix is unperturbed); (iii) the aspect ratio of the elliptic inclusion uniquely chosen for a
given material and thickness parameters to make the resulting coated inclusion neutral (i.e., the pre-
scribed uniform stress ﬁeld in the matrix remains undisturbed); and ﬁnally (iv) the derivation of a simple
condition relating the remote uniform stresses and the thickness parameters of the (N  2) interphase
layers for given material parameters which lead to internal uniform hydrostatic stresses. We note that
another interesting feature of the present results is that the mean stress is found to be constant within
each interphase layer, and the hoop stress in the innermost interphase layer is uniform along the entire
interphase/inclusion interface.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
During the optimal design of ﬁbrous composites, the internal
uniform hydrostatic stress ﬁeld within an inclusion is usually pre-
ferred because it achieves both uniform normal stress and vanish-
ing tangential stress along the entire interface (Ru, 1999). When
an elliptical inclusion is perfectly bonded to the surroundingmatrix
(in the absence of the intermediate interphase layer), the mean
stress within the matrix is constant (or unperturbed) if the condi-
tion is met leading to an internal uniform hydrostatic stress state.
When the elliptical inclusion is bonded to the surrounding matrix
through an interphase layer, however, themean stress in thematrix
is no longer constant even though the internal stress ﬁeld is uni-
form and hydrostatic, and the mean stress is constant in the inter-
phase layer (Ru, 1999). This means that the coated inclusion is not
harmonic, not to say neutral. Here it is of interest to point out the
difference between a harmonic inclusion and a neutral inclusion.
A harmonic inclusion implies that the mean stress of the original
ﬁeld within the matrix is unperturbed after the introduction of
the inclusion (Cherepanov, 1974; Bjorkman and Richards, 1976),ll rights reserved.
: +1 780 492 2200.
ang), p.schiavone@ualberta.cawhilst a neutral inclusion means that the prescribed uniform stress
ﬁeld is not disturbed in the matrix (Mansﬁeld, 1953; Ru, 1998;
Milton and Serkov, 2001). In addition except for some very special
situations (Wang, 2010), it seems difﬁcult (if not impossible) to
achieve an internal uniform hydrostatic stress ﬁeld within an N-
phase elliptical inclusion (say N = 4) by using Ru’s method (Ru,
1999). The three-phase elliptical inclusions with internal uniform
hydrostatic stresses discussed by Ru (1999) are restricted to the sit-
uation in which the two formed interfaces are taken to be perfect.
On the other hand the neutrality of the inclusions can be realized
through the imperfect interface design (Ru, 1998; Benveniste and
Miloh, 1999). Now a question naturally arises: Can we design a
coated elliptical inclusion with imperfect interfaces such that the
internal stress ﬁeld is uniform and hydrostatic, and meanwhile
the coated inclusion is also neutral?
The objective of this work is to answer the question raised
above. Our analysis indicates that the coated elliptical inclusion
can be made neutral through imperfect interface design and the
proper choice of the aspect ratio of the elliptical inclusion.
The paper is organized as follows. In Section 2, we ﬁrst present
the formulation describing the in-plane deformations of a three-
phase confocal elliptical inclusion with an outer imperfect inter-
face. In Section 3, the optimum design of the three-phase elliptical
inclusion is carried out. Here the composite is optimal in the sense
uv
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Fig. 2. The mapped n-plane.
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inating any stress peak at the interphase/inclusion interface; and
that the coated inclusion is neutral to a prescribed uniform stress
ﬁeld. In Section 4, some examples are discussed to illustrate the
obtained analytical result. Finally in Section 5, the design method
presented in Section 3 is extended to an N-phase confocal elliptical
inclusion. Here N can be any integer larger than 3.
2. Formulation
As shown in Fig. 1, we ﬁrst consider an elliptical inclusion
bonded to an inﬁnite matrix through an interphase layer. Let S1,
S2 and S3 denote the inclusion, the interphase layer and the matrix,
respectively, all of which are bonded through two confocal ellipti-
cal interfaces L1 and L2. The inner interface L1 is perfect whilst the
outer interface L2 is imperfect (see below for a detailed discussion).
In addition the matrix is subjected to remote uniform stresses
r1xx;r1yy;r1xy
 
. Throughout this paper, the subscript j or the super-
script (j) is used to identify the associated quantities in Sj.
For plane deformations of an isotropic elastic material, the in-
plane displacements u and v, the two resultant forces fx and fy,
and the in-plane stresses rxx, ryy and rxy can be expressed in terms
of two analytic functions /(z) and w(z) of the complex variable
z = x + iy as (Muskhelishvili, 1953)
2lðuþ ivÞ ¼ j/ðzÞ  z/0ðzÞ  wðzÞ;
fx þ ify ¼ i½/ðzÞ þ z/0ðzÞ þ wðzÞ;
ð1Þ
rxx þ ryy ¼ 2½/0ðzÞ þ /0ðzÞ;
ryy  rxx þ 2irxy ¼ 2½z/00ðzÞ þ w0ðzÞ;
ð2Þ
where j = 3  4m for plane strain and j = (3  m)/(1 + m) for plane
stress; l and m, where l > 0 and 0 6 m 6 0.5, are the shear modulus
and Poisson’s ratio, respectively.
Let the two elliptical interfaces L1 and L2 have semi-major axes
a1 and a2, respectively and the same foci x = ± 2R, (2R < a1 < a2). We
consider the following conformal mapping (Ru, 1999)Matrix S3
(μ3, ν3)
2R
x
Elliptical Inclusion S1
(μ1, ν1)
y
L2 (δ1)
a1
Perfect Interface L1
Interphase Layer S2
(μ2, ν2)
a2−2R
Imperfect Interface 
Fig. 1. A neutral three-phase elliptical inclusion with internal uniform hydrostatic
stresses. The inner perfect interface L1 ensures that the internal uniform stress state
is hydrostatic; the imperfection of the outer interface L2 is designed to make the
single-coated inclusion harmonic; the aspect ratio of the inclusion S1 can be
properly chosen to make the single-coated inclusion neutral.z ¼ xðnÞ ¼ R nþ 1
n
 
; nðzÞ ¼ z
2R
1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 4R
2
z2
s2
4
3
5; ð3Þ
which maps the segment [2R,2R] onto the unit circle in the n-
plane, and L1 and L2 onto two coaxial circles with the radii R1 and
R2, in the n-plane (Fig. 2), where
Ri ¼
ai þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2i  4R2
q
2R
> 1; i ¼ 1;2: ð4Þ
Thus the regions S1, S2 and S3 are mapped onto 1 < jnj < R1,
R1 < jnj < R2 and jnj > R2, respectively. It is observed from Eq. (4) that
R1 is related to the aspect ratio of the elliptical inclusion S1. For con-
venience we write /i(n) = /i(x(n)), wi(n) = wi(x(n)), i = 1, 2, 3.
3. Optimum design of the three-phase elliptical inclusion
In order to achieve an internal uniform hydrostatic stress state
within the elliptical inclusion, it can be veriﬁed that the inclusion
must be perfectly bonded to the interphase layer (i.e., tractions
and displacements are continuous across the interface L1). As a re-
sult /1(n) and w1(n), (1 < jnj < R1) and /2(n) and w2(n), (R1 < jnj < R2)
should take the following forms
/1ðnÞ ¼ X nþ
1
n
 
; w1ðnÞ ¼ 0; ð1 < jnj < R1Þ; ð5Þ
/2ðnÞ ¼
Xð2C1 þ j1  1Þ
C1ðj2 þ 1Þ nþ
1
n
 
;
w2ðnÞ ¼
2X½C1ðj2  1Þ þ 1 j1
C1ðj2 þ 1Þ
n
R21
þ R
2
1
n
 !
;
ðR1 < jnj < R2Þ;
ð6Þ
where X is a real number to be determined, and C1=l1/l2. Here we
have assumed that the rigid-body rotation of the elliptical inclusion
is zero.
Next we will design the interphase/matrix interface L2 with a
goal to make the coated inclusion S1 [ S2 neutral. Here it is as-
sumed that the interphase layer is imperfectly bonded to the sur-
rounding matrix along L2 by the ‘spring-layer-type’ interface. The
interface conditions are speciﬁcally given by
rð2Þnn þ irð2Þnt ¼rð3Þnn þ irð3Þnt ¼bðx;yÞ uð3Þn þ iuð3Þt
 
 uð2Þn þ iuð2Þt
 h i
; on L2;
ð7Þ
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directions of the interface; b(x,y), which is nonnegative, is the
imperfect interface parameter. Eq. (7) implies that the same degree
of imperfection is realized in both the normal and tangential direc-
tions (Achenbach and Zhu, 1989, 1990; Sudak et al., 1999; Wang
et al., 2008). Physically Eq. (7) can be used to model a layer of dis-
tributed linear springs (Achenbach and Zhu, 1989, 1990; Ru, 1998).
b(x,y) = 0 describes a traction-free interface, and b(x,y)?1 repre-
sents a perfectly bonded interface. Furthermore b(x,y) is chosen as
(Antipov and Schiavone, 2003; Wang et al., 2008)
bðx; yÞ ¼ 2l3
d1R2jx0ðnÞj ¼
2l3
d1R
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðR2  R12 Þ2 þ 4 sin2u
q ; ðn ¼ R2eiuÞ;
ð8Þ
where d1(P0) is a dimensionless constant to be determined. Now
the interface conditions (7) can be expressed in terms of /3(n)
and w3(n), (jnj > R2) as
/3ðnÞþxðnÞ
/03ðnÞ
x0ðnÞþw3ðnÞ
¼ 2Xð2C1þj11Þ
C1ðj2þ1Þ nþ
1
n
 
þ2X½C1ðj21Þþ1j1
C1ðj2þ1Þ qnþ
1
qn
 
;
j3/3ðnÞxðnÞ
/03ðnÞ
x0ðnÞw3ðnÞ
¼ XC3ðj21Þð2C1þj11Þ
C1ðj2þ1Þ nþ
1
n
 
2XC3½C1ðj21Þþ1j1
C1ðj2þ1Þ qnþ
1
qn
 
þ2d1Xð2C1þj11Þ
C1ðj2þ1Þ n
1
n
 
þ2d1X½C1ðj21Þþ1j1
C1ðj2þ1Þ qn
1
qn
 
; ðjnj ¼ R2Þ; ð9Þ/3ðnÞ ¼
X
2½C3ðj2  1Þ þ 2ð2C1 þ j1  1Þ2 þ 4ð1 C3Þ½C1ðj2  1Þ þ 1 j12
þðqþ q1Þ½C3ðj2  3Þ þ 4ð2C1 þ j1  1Þ½C1ðj2  1Þ þ 1 j1
 !
C1ðj2 þ 1Þðj3 þ 1Þf2ð2C1 þ j1  1Þ þ ðqþ q1Þ½C1ðj2  1Þ þ 1 j1g nþ
1
n
 
;
w3ðnÞ¼
2X½C1ðj21Þþ1j1
C1ðj2þ1Þ
n
R21
þR
2
1
n
 !
2X 2½C3ðj21Þþ1j3ð2C1þj11Þ
2þ4ð1C3Þ½C1ðj21Þþ1j12þðqþq1Þð2C1þj11Þ½C1ðj21Þþ1j1½C3ðj23Þþ3j3
	 

C1ðj2þ1Þðj3þ1Þf2ð2C1þj11Þþðqþq1Þ½C1ðj21Þþ1j1g
n
R22
þR
2
2
n
 !
;
ðjnj>R2Þ: ð15Þwhere C3 = l3/l2 and q ¼ R21=R22; ð0 6 q 6 1Þ is a thickness parame-
ter of the interphase layer.
Adding the two equations in (9), we can obtain
ðj3þ1Þ/3ðnÞ ¼
X½C3ðj21Þþ2ð2C1þj11Þ
C1ðj2þ1Þ nþ
1
n
 
2XðC31Þ½C1ðj21Þþ1j1
C1ðj2þ1Þ qnþ
1
qn
 
þ2d1Xð2C1þj11Þ
C1ðj2þ1Þ n
1
n
 
þ2d1X½C1ðj21Þþ1j1
C1ðj2þ1Þ qn
1
qn
 
; ðjnj ¼ R2Þ:
ð10Þ
According to the design requirement of a harmonic inclusion (see
for example, Bjorkman and Richards, 1976), the mean stress within
the matrix rð3Þxx þ rð3Þyy
 
should remain unchanged after the intro-duction of the coated inclusion. In order to realize this, /3(n) must
take the form /3 (n) = Ax(n) with A being a complex constant
RefAg ¼ r1xx þ r1yy
 
=4
 
. As a result it follows from Eq. (10) that
the constant d1 can be uniquely determined as
d1 ¼ ðq
1  qÞð1 C3Þ½C1ðj2  1Þ þ 1 j1
2ð2C1 þ j1  1Þ þ ðqþ q1Þ½C1ðj2  1Þ þ 1 j1 : ð11Þ
It is observed from Eq. (11) that the interface L2 is still perfect
(d1 = 0) when C3 = 1 or C1 = (j1  1)/(j2  1). In order to ensure
the existence of a positive value of d1, one of the following three
conditions must hold.
Condition 1:l1ðj2  1Þ
j1  1 > l2 > l3: ð12Þ
Condition 2:
l1ðj2  1Þ
j1  1 < l2 < l3 and
q >
2C1 þ j1  1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C1ðj2 þ 1Þ½C1ð3 j2Þ þ 2ðj1  1Þ
p
j1  1 C1ðj2  1Þ :
ð13Þ
Condition 3:
l2 > max
l1ðj2  1Þ
j1  1 ;l3
 
and
q <
2C1 þ j1  1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C1ðj2 þ 1Þ½C1ð3 j2Þ þ 2ðj1  1Þ
p
j1  1 C1ðj2  1Þ :
ð14Þ
Once d1 is determined by Eq. (11), /3(n) and w3(n), (jnj > R2) can be
obtained asIn order tomake the prescribed uniform elastic ﬁeld unperturbed in
thematrix,wemust havew3(n) = Bx(n)withB ¼ r1yy  r1xx þ 2ir1xy
 
=2. As a result the following relationship between q and R1 can be
derived
q4ð2C1 þj1  1Þ½C1ðj2 1Þ þ1j1½C3ðj2  3Þþ 3j3
þq3 ½2C3ðj2  1Þþ 22j3ð2C1 þj1  1Þ2
n
þ 3 4C3 j3 þ R41ðj3 þ 1Þ
h i
½C1ðj2  1Þþ 1j12
o
þq2 R41 1
 
ð2C1 þj1 1Þ½C1ðj2  1Þ þ 1j1½3j3 1
C3ðj2 3Þ qR41 ½2C3ðj2  1Þ þ 2 2j3ð2C1 þj1 1Þ2
n
þ 3 4C3 j3 þ R41 ðj3 þ1Þ
h i
½C1ðj2  1Þ þ 1j12
o
R41ð2C1 þj1  1Þ½C1ðj2  1Þþ 1j1½C3ðj2  3Þ þ 3j3 ¼ 0:
ð16Þ
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(C1,C3,j1,j2,j3) are known, Eq. (16) can be considered as a quar-
tic equation for the unknown thickness parameter q. Alternatively,
if q and (C1,C3 ,j1,j2,j3) are given, R1 can be uniquely determined
from Eq. (16). In this paper we adopt the latter (less complicated)
approach noting that once R1 is determined from Eq. (16), we can
use Eq. (11) to uniquely determine d1 characterizing the imperfect
interface and ﬁnally, we can establish a relationship between the
two principal stresses r1xx and r1yy(see Eq. (19) below).
In fact, the obtained /3(n) and w3(n) must satisfy the remote
boundary conditions. Consequently we arrive at
X
½3j31C3ðj23Þð2C1þj11Þ½C1ðj21Þþ1j1
2q½C3ðj21Þþ1j3ð2C1þj11Þ2
þ½qð4C33þj3Þþq1ðj3þ1Þ½C1ðj21Þþ1j12
q2ð2C1þj11Þ½C1ðj21Þþ1j1½C3ðj23Þþ3j3
0
BBBB@
1
CCCCA
C1ðj2þ1Þðj3þ1Þf2ð2C1þj11Þþðqþq1Þ½C1ðj21Þþ1j1g
¼r
1
yyr1xxþ2ir1xy
4
RR21; ð17Þ
X
2½C3ðj21Þþ2ð2C1þj11Þ2þ4ð1C3Þ½C1ðj21Þþ1j12
þðqþq1Þ½C3ðj23Þþ4ð2C1þj11Þ½C1ðj21Þþ1j1
 !
C1ðj2þ1Þðj3þ1Þf2ð2C1þj11Þþðqþq1Þ½C1ðj21Þþ1j1g
¼ r
1
xxþr1yy
4
þ2il3e
1
j3þ1
 
R: ð18ÞR21gðqÞ ¼
ð2C1 þ j1  1Þ½C1ðj2  1Þ þ 1 j1f½3j1  1 C1ðj2  3Þ  q2½C1ðj2  3Þ þ 3 j1g
þ½C1ðj2  1Þ þ 1 j12½qð4C1  3þ j1Þ þ q1ðj1 þ 1Þ  2qð2C1 þ j1  1Þ2½C1ðj2  1Þ þ 1 j1
 !
2½C1ðj2  1Þ þ 2ð2C1 þ j1  1Þ2 þ 4ð1 C1Þ½C1ðj2  1Þ þ 1 j12
þðqþ q1Þ½C1ðj2  3Þ þ 4ð2C1 þ j1  1Þ½C1ðj2  1Þ þ 1 j1
 ! : ð21ÞBecause X is real, then it is easily deduced from Eqs. (17) and (18)
that r1xy ¼ e1 ¼ 0 (the remote shear stress and remote rigid-body
rotation are both zero). This result implies that the principal axes
of the three-phase elliptical inclusion should be parallel to the re-
mote principal stresses, a conclusion similar to that by Ru (1999).
It turns out that the necessary and sufﬁcient condition for the exis-
tence of the real coefﬁcient X satisfying the two conditions (17) and
(18) is
r1yy  r1xx
r1xx þ r1yy
¼ gðqÞ; ð19Þ
where gðqÞ ¼ R21 f ðqÞ and f(q) is deﬁned byf ðqÞ ¼
ð2C1 þ j1  1Þ½C1ðj2  1Þ þ 1 j1f½3j3  1 C3ðj2  3Þ  q2½C3ðj2  3Þ þ 3 j3g
þ½C1ðj2  1Þ þ 1 j12½qð4C3  3þ j3Þ þ q1ðj3 þ 1Þ  2qð2C1 þ j1  1Þ2½C3ðj2  1Þ þ 1 j3
 !
2½C3ðj2  1Þ þ 2ð2C1 þ j1  1Þ2 þ 4ð1 C3Þ½C1ðj2  1Þ þ 1 j12
þðqþ q1Þ½C3ðj2  3Þ þ 4ð2C1 þ j1  1Þ½C1ðj2  1Þ þ 1 j1
 ! : ð20ÞRemark 1. Because Eq. (16) implies that R1 is a function of q, thus
R21 f ðqÞ is also a function of q.
The condition (19) gives a simple relationship between the
remote uniform stresses and the thickness parameter q of the
interphase layer for given material parameters (C1,C3,j1,j2,j3). If
the constant d1(>0) is chosen by using Eq. (11), the parameter R1
(>1) is determined by Eq. (16), and ﬁnally the condition (19) ismet, the stresses in the three-phase composite exhibit the
following interesting features: (i) the internal stress ﬁeld within
the elliptical inclusion is uniform and hydrostatic; (ii) the mean
stress rð2Þxx þ rð2Þyy
 
is uniformly distributed within the interphase
layer, and the hoop stress along the entire interphase/inclusion
interface on the interphase layer side is uniform; (iii) the
prescribed uniform stresses in the matrix is unperturbed after
the introduction of the coated inclusion with imperfect interface.4. Discussion
Our calculations suggest that jgðqÞj ¼ R21 jf ðqÞj < 1, which
means that the two remote principal stresses must have the same
sign. Interestingly this sign restriction on the remote principal
stresses has been observed in stress minimum design of elliptic
holes (Bjorkman and Richards, 1976), elliptic rigid inclusions
(Wheeler, 1985, 1992), and elliptic elastic inclusions (Ru, 1999).
In the following several examples will be discussed to illustrate
the obtained analytical results in Section 3.
4.1. The materials comprising the matrix and the inclusion are
identical (C1 = C3 and j1 = j3)
In this case, Eq. (20) has the formFor example, if we choose C1 = C3 = 2, j1 = j3 = 2, j2 = 1, then d1
can be determined from Eq. (11) as
d1 ¼ 1 q
2
q2 þ 10q 1 ; ð22Þ
which is positive when q > 5 2
ﬃﬃﬃ
6
p
 0:1. In addition R1 can be ob-
tained from Eq. (16) as
R21 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
5q3 þ 14q2  q
q2  14qþ 5
s
: ð23Þ
Our analysis indicates that R1 (1 < R1 <1) is a monotonically
increasing function of q when ð9 2
ﬃﬃﬃﬃﬃﬃ
14
p
Þ=5 < q < 7 2
ﬃﬃﬃﬃﬃﬃ
11
p
(orapproximately when 0.3034 < q < 0.3667). Thus the possible range
of the parameter q is: 0.3034 < q < 0.3667.
Now Eq. (21) further reduces to
gðqÞ ¼ ðq 1Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðq2  14qþ 5Þð5q2 þ 14q 1Þp
32q ﬃﬃﬃqp < 0;
ð0:3034 < q < 0:3667Þ; ð24Þ
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g(0.3034) = 0.1994 and g(0.3667) = 0.
4.2. Almost rigid inclusion (C1 > >C3 and C1 > > 1)
In this case, the constant d1 can be determined from Eq. (11) as
d1  ðq
1  qÞð1 C3Þðj2  1Þ
4þ ðqþ q1Þðj2  1Þ > 0; ðj2 – 1 and C3 < 1Þ
ð25Þ
and meanwhile R1 can be obtained from Eq. (16) asR21 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2q4ðj2  1Þ½C3ðj2  3Þ þ 3 j3  q3½4C3ðj2  1Þð3 j2Þ þ 8ð1 j3Þ þ ðj2  1Þ2ð3 j3Þ
þ2q2ðj2  1Þ½3j3  1 C3ðj2  3Þ þ qðj2  1Þ2ðj3 þ 1Þ
q3ðj2  1Þ2ðj3 þ 1Þ þ 2q2ðj2  1Þ½3j3  1 C3ðj2  3Þ
q½4C3ðj2  1Þð3 j2Þ þ 8ð1 j3Þ þ ðj2  1Þ2ð3 j3Þ  2ðj2  1Þ½C3ðj2  3Þ þ 3 j3
vuuuuuut :ðj2 – 1 and C3 < 1Þ: ð26Þ
Now Eq. (20) becomes
R21gðqÞ 
2ðj2  1Þf½3j3  1 C3ðj2  3Þ  q2½C3ðj2  3Þ þ 3 j3g
þðj2  1Þ2½qð4C3  3þ j3Þ þ q1ðj3 þ 1Þ  8q½C3ðj2  1Þ þ 1 j3
 !
16þ 8C3ðj2  1Þ þ 4ðj2  1Þ2ð1 C3Þ þ 2ðj2  1Þðqþ q1Þ½C3ðj2  3Þ þ 4
; ðj2 – 1 and C3 < 1Þ:
ð27ÞFor instance, if j2 = j3 = 2 and C3 = 1/2, Eqs. (26) and (27) reduce to
R21 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q4 þ 5q3 þ 11q2 þ 3q
3q3 þ 11q2 þ 5q 1
s
ð28Þ
and
gðqÞ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðq3 þ 5q2 þ 11qþ 3Þð3q3 þ 11q2 þ 5q 1Þp ﬃﬃﬃqp ð7q2 þ 22qþ 7Þ > 0: ð29Þ
It is found that in this example R1 (1 < R1 <1) is a monotonically
decreasing function of q when 0.1491 < q < 1 and g(q) is an increas-
ing function of q, which attains the minimum 0 at q = 0.1491 and
the maximum 1/2 at q = 1.
4.3. Extremely compliant inclusion (C1  1)
In this case, the constant d1 can be determined from Eq. (11) as
d1  ð1þ qÞð1 C3Þ1 q > 0; ðq– 1;j1 – 1;C3 < 1Þ ð30Þ
and R1 can be obtained from Eq. (16) as
R21 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2½C3ðj2  3Þ þ 3 j3 þ qðj3 þ 1Þ
qðj3 þ 1Þ þ 3 j3  C3ð3 j2Þ
s
: ð31Þ
It is deduced from the above expression that when j3 > j2; 3j33j2 <
C3 < 1, and q > q0 ¼ C3ð3j2Þ3þj3j3þ1 , we will have R1 > 1. In addition
now Eq. (20) reduces to
gðqÞ  
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ q20  q0ðqþ q1Þ
q
1 q0
< 0; ðq > q0Þ; ð32Þ
whose absolute value increases monotonically with q. In addition
g(q0) = 0 and g(1) = 1.
4.4. Relatively stiff interphase layer (C1  1 and C3  1)
In this case, the constant d1 can be determined from Eq. (11) as
d1  1þ q1 q ; ðq – 1;j1 – 1Þ ð33Þand R1 can be obtained from Eq. (16) asR21 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2ð3 j3Þ þ qðj3 þ 1Þ
qðj3 þ 1Þ þ 3 j3
s
; ð34Þthrough which it is found that the parameter R1 cannot be greater
than unity. Thus we can conclude that it is impossible to make an
inclusion with a relatively stiff interphase layer neutral.4.5. C1 = (j1  1)/(j2  1) and C3 = (j3  1)/(j2  1)
In this case the three-phase inclusion will become neutral to a
remote hydrostatic stress ﬁeld r1xx ¼ r1yy;r1xy ¼ 0
 
. Now the outer
interface becomes perfect in view of Eq. (11). In addition
2/1ðzÞ ¼ 2/2ðzÞ ¼ 2/3ðzÞ ¼ r1xxz; w1ðzÞ ¼ w2ðzÞ ¼ w3ðzÞ ¼ 0. Appar-
ently now the two interfaces L1 and L2 can be relaxed to be of arbi-
trary shape.
5. Extension to N-phase inclusions
The design method presented in Section 3 can be extended to an
N-phase confocal elliptical inclusion. Our goal is to achieve an
internal uniform hydrostatic stress ﬁeld and meanwhile to make
the prescribed uniform stresses within the matrix unperturbed
after the introduction of the multicoated inclusion. As shown in
Fig. 3, we consider an N-phase inclusion: an elliptical inclusion S1
is bonded to the matrix SN through (N  2) interphase layers
S2,S3, . . . ,SN1 (the N phases are numbered sequentially from ‘‘1’’
for the inclusion to ‘‘N’’ for the matrix). We still adopt the confor-
mal mapping function given by Eq. (3). As a result the formed (N-1)
interfaces L1,L2, . . . ,LN1 are mapped onto (N  1) coaxial circles
with the radii R1,R2, . . . ,RN1, respectively in the n-plane (R1 <
R2 <    < RN1). The interface L1 must be perfect to achieve an inter-
nal uniform hydrostatic stress state.
The analytic functions in the N-phase inclusion take the follow-
ing simple forms
/1ðnÞ ¼ X nþ 1n
 
; w1ðnÞ ¼ 0;
/jðnÞ ¼ gjX nþ 1n
 
; wjðnÞ ¼ X
Pj1
m¼1
cmj
n
R2m
þ R2mn
 
; ðj ¼ 2; 3; . . . ;NÞ;
ð35Þ
where X, gj and cmj are real constants.
The interface conditions on the imperfect interfaces Lj,
(j = 2,3, . . . ,N  1) are speciﬁcally given by
rðjÞnn þ irðjÞnt ¼ rðjþ1Þnn þ irðjþ1Þnt
¼ 2ljþ1
dj1Rjjx0ðnÞj u
ðjþ1Þ
n þ iuðjþ1Þt
 
 uðjÞn þ iuðjÞt
 h i
; on Lj;
ðj ¼ 2;3; . . . ;N  1Þ; ð36Þ
Fig. 3. A neutral N-phase elliptical inclusion with internal uniform hydrostatic
stresses. The inner perfect interface L1 ensures that the internal uniform stress state
is hydrostatic; the imperfections of all the other (N  2) interfaces Lj
(j = 2,3 . . . ,N  1) are designed to make the multicoated inclusion harmonic; the
aspect ratio of the inclusion S1 can be properly chosen to make the multicoated
inclusion neutral.
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rj  R1j
 2
þ 4 sin2u
r
; ðn ¼ RjeiuÞ; dj1 (P0) is
a dimensionless constant for the imperfect interface Lj to be
determined.
In order to make the multicoated inclusion harmonic, the con-
stant dj can be determined as
dj1 ¼
ðCjþ1  1Þ
Pj1
m¼1cmjðqmj  qjmÞ
4gj þ
Pj1
m¼1cmjðqmj þ qjmÞ
; ðj ¼ 2;3; . . . ;N  1Þ; ð37Þ
where
Cjþ1 ¼
ljþ1
lj
;qij ¼
R2i
R2j
;qji ¼
R2j
R2i
¼ 1
qij
: ð38Þ
In addition the (j + 1) constants gj+1, cm(j+1), (m = 1,2, . . . , j) appearing
in the two analytic functions /j+1(n) and wj+1(n) can be expressed in
terms of the j constants gj, cmj, (m = 1,2, . . . , j  1) appearing in the
two analytic functions /j(n) and wj(n) asgjþ1 ¼
4g2j ½Cjþ1ðjj  1Þ þ 2 þ gj½Cjþ1ðjj  3Þ þ 4
Pj1
m¼1cmjðqmj þ qjmÞ þ 2ð1 Cjþ1Þ
Pj1
m¼1qmjcmj
  Pj1
m¼1qjmcmj
 
ðjjþ1 þ 1Þ 4gj þ
Pj1
m¼1cmjðqmj þ qjmÞ
h i ;
cmðjþ1Þ ¼ cmj; ðm ¼ 1;2; . . . ; j 1Þ;
cjðjþ1Þ ¼ 2ðgj  gjþ1Þ; ðj ¼ 2;3; . . . ;N  1Þ:
ð39ÞNow all the constants appearing in the analytic functions can be ob-
tained by using the above recursive formula and the following ini-
tial conditions
g2 ¼
2C1 þ j1  1
C1ðj2 þ 1Þ ; c12 ¼
2½C1ðj2  1Þ þ 1 j1
C1ðj2 þ 1Þ ; ð40Þ
where C1 = l1/l2.
Apparently we have
c1j 
2½C1ðj2  1Þ þ 1 j1
C1ðj2 þ 1Þ ; ðj ¼ 3;4; . . . ;NÞ: ð41ÞIn order to make the prescribed uniform elastic ﬁeld unperturbed in
the matrix, we can easily obtain the following expression of R1 as
R21 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃPN1
m¼1q1mcmNPN1
m¼1qm1cmN
vuut : ð42Þ
Once condition (42) is met, wN(z) will become a linear function of z.
In addition, the obtained /N(n) andwN(n) deﬁned in the matrix must
satisfy the remote boundary conditions. Consequently we arrive at
the observation that the remote shear stress and remote rigid-body
rotation are both zero, and
X
XN1
m¼1
q1mcmN ¼
r1yy  r1xx
2
RR21; gNX ¼
r1xx þ r1yy
4
R: ð43Þ
It turns out that the necessary and sufﬁcient condition for the
existence of the real coefﬁcient X satisfying the two conditions in
(43) is
r1yy  r1xx
r1xx þ r1yy
R21 ¼ f ðq12;q13; . . . ;q1ðN1ÞÞ; ð1P q12 > q13 >   
> q1ðN1Þ P 0Þ; ð44Þ
where f(q12,q13, . . . ,q1(N1)) is deﬁned by
f ðq12;q13; . . . ;q1ðN1ÞÞ ¼
c1N þ
PN1
m¼2q1mcmN
2gN
: ð45Þ
It can be easily veriﬁed that gN = gN(q12,q13, . . . ,q1(N1)) and cmN =
cmN(q12,q13, . . . ,q1m), (m = 2,3, . . . ,N  1). Condition (44) gives a
relationship between the remote stresses and the thickness param-
eters of the (N  2) interphase layers for given material parameters
because Eq. (42) indicates that R1 is a function of these thickness
parameters.
Belowwe will consider a four-phase inclusion (N = 4) to demon-
strate the above results. Furthermore we conﬁne our attention to
the case of a relatively stiff inner interphase layer S2 (C1 1 and
C3 1). Under this limitation the three constants g3, c13 and c23
appearing in /3(n) and w3(n) can be concisely given by
g3 ¼
4ðj1  1Þ
C1ðj2 þ 1Þðj3 þ 1Þ ; c13 ¼ 
2ðj1  1Þ
C1ðj2 þ 1Þ ;
c23 ¼ 
2ðj1  1Þð3 j3Þ
C1ðj2 þ 1Þðj3 þ 1Þ : ð46ÞThe constant d2 characterizing the imperfection of the interface L3
can be determined from Eq. (37) as
d2 ¼
ð1 C4Þ q23 1 q213
	 
ðj3 þ 1Þ þ q13 1 q223	 
ð3 j3Þ 
q23 q213 þ 1
	 
ðj3 þ 1Þ þ q13 q223 þ 1	 
ð3 j3Þ  8q13q23 :
ð47Þ
In order to ensure that d2 > 0, we must have C4 < 1 because the
denominator on the right hand of Eq. (47) is always positive. This
means that the outer interphase layer S3 should be stiffer than the
surrounding matrix S4.
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c24 and c34 appearing in /4(n) and w4(n) can be ﬁnally determined
asg4 ¼
4ðj1  1Þ
q213 þ q223
	 
ð1 C4Þðj3 þ 1Þð3 j3Þ þ 2q13q23 j23  2j3 þ 13 C4ðj3  3Þ2h i
½C4ðj3  3Þ þ 4 q23 q213 þ 1
	 
ðj3 þ 1Þ þ q13 q223 þ 1	 
ð3 j3Þ 
0
@
1
A
C1ðj2 þ 1Þðj3 þ 1Þðj4 þ 1Þ 8q13q23  q23 q213 þ 1
	 
ðj3 þ 1Þ  q13 q223 þ 1	 
ð3 j3Þ  ;
c14 ¼ 
2ðj1  1Þ
C1ðj2 þ 1Þ ; c24 ¼ 
2ðj1  1Þð3 j3Þ
C1ðj2 þ 1Þðj3 þ 1Þ ;
c34 ¼
8ðj1  1Þ
q213 þ q223
	 
ðC4  1Þðj3 þ 1Þð3 j3Þ  2q13q23 j23  2j3  4j4 þ 9 C4ðj3  3Þ2h i
þ½C4ðj3  3Þ þ 3 j4 q23 q213 þ 1
	 
ðj3 þ 1Þ þ q13 q223 þ 1	 
ð3 j3Þ 
0
@
1
A
C1ðj2 þ 1Þðj3 þ 1Þðj4 þ 1Þ 8q13q23  q23 q213 þ 1
	 
ðj3 þ 1Þ  q13 q223 þ 1	 
ð3 j3Þ  :
ð48Þ
The geometric parameter R1 can be obtained from Eq. (42) as
R21 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q12q13ðj4 þ 1Þ½j3 þ 1þ q12ð3 j3Þ q12 1þ q213
	 
ðj3 þ 1Þ þ q212 þ q213	 
ð3 j3Þ  8q12q13 
þ4q12q313 1þ q212
	 
ðC4  1Þðj3 þ 1Þð3 j3Þ  8q212q313 j23  2j3  4j4 þ 9 C4ðj3  3Þ2h i
þ4q12q213½C4ðj3  3Þ þ 3 j4 q12 1þ q213
	 
ðj3 þ 1Þ þ q212 þ q213	 
ð3 j3Þ 
q13ðj4 þ 1Þ½q12ðj3 þ 1Þ þ 3 j3 q12 1þ q213
	 
ðj3 þ 1Þ þ q212 þ q213	 
ð3 j3Þ  8q12q13 
þ4q12q13 1þ q212
	 
ðC4  1Þðj3 þ 1Þð3 j3Þ  8q212q13 j23  2j3  4j4 þ 9 C4ðj3  3Þ2h i
þ4q12½C4ðj3  3Þ þ 3 j4 q12 1þ q213
	 
ðj3 þ 1Þ þ q212 þ q213	 
ð3 j3Þ 
vuuuuuuuuuuuuuut
: ð49Þ
Now the function f(q12,q13) deﬁned by Eq. (45) can be explicitly given by
f ðq12;q13Þ ¼
ðj4 þ 1Þ j3 þ 1þ q12ð3 j3Þ½  q12 1þ q213
	 
ðj3 þ 1Þ þ q212 þ q213	 
ð3 j3Þ  8q12q13 
þ4q213 1þ q212
	 
ðC4  1Þðj3 þ 1Þð3 j3Þ  8q12q213 j23  2j3  4j4 þ 9 C4ðj3  3Þ2h i
þ4q13½C4ðj3  3Þ þ 3 j4 q12 1þ q213
	 
ðj3 þ 1Þ þ q212 þ q213	 
ð3 j3Þ 
0
BB@
1
CCA
4q13 1þ q212
	 
ð1 C4Þðj3 þ 1Þð3 j3Þ þ 8q12q13 j23  2j3 þ 13 C4ðj3  3Þ2h i
4½C4ðj3  3Þ þ 4 q12 1þ q213
	 
ðj3 þ 1Þ þ q212 þ q213	 
ð3 j3Þ 
0
@
1
A
:
ð50ÞFor example, if we choose the material parameters j3 = 1.5,
j4 = 2.5, C4 = 0.85 and choose the geometric parameters q12 = 0.8,
q13 = 0.3, then it is easily calculated from Eq. (49) that
R1 = 1.2505 > 1. In addition the remote stresses should satisfy
r1xx ¼ 5:8050r1yy.
The above example shows that even though it is impossible to
make an inclusion with a single relatively stiff interphase layer
neutral (see the discussion in Subsection 4.4), it is still permissible
to make a double coated inclusion neutral by just adding another
interphase layer between the original interphase layer and the sur-
rounding matrix. The added interphase should be much softer than
the original interphase (such that C3 1) but stiffer than the ma-
trix (such that C4 < 1). This clearly justiﬁes the analysis of a multi-
layer design as opposed to a discussion limited to the traditional
three-phase assembly.
6. Remarks on neutrality for a class of materials in ﬁnite
elasticity
In Ru (1998), it was shown that, in the case of plane elastic
deformations, no neutral elastic inclusion can exist if the interface
between the inclusion and the matrix is taken to be perfectly
bonded. In other words, as we have shown above, the concept of
an (imperfect) interphase layer is crucial to the design of a neutral
inclusion. It is of interest to examine whether the same is true of
the ﬁnite plane deformations of a class of compressible hyperelas-
tic materials (referred to as ‘harmonic materials’- not to be
confused with the concept of ‘harmonic inclusion’ discussed above)which have drawn an increasing amount of attention in the litera-
ture recently (see for example, Knowles and Sternberg, 1975; Var-
ley and Cumberbatch, 1980; Abeyaratne and Horgan, 1984; Li andSteigmann, 1993; Ru, 2002; Ru et al., 2005; Kim et al., 2008). Pre-
liminary calculations using the formulations in Ru et al. (2005)
indicate that indeed the concept of neutrality for this class of non-
linear materials is also dependent on the deﬁnition of an ‘imperfect
interphase layer’. This will form the subject of a future paper.
7. Conclusions
Through the imperfect interface design and the proper choice of
the aspect ratio of the elliptical inclusion, we can make an elliptical
inclusion with multiple interphase layers neutral to prescribed
uniform stresses. Simple conditions (37), (42) and (44) are derived
that ensure that the internal stress ﬁeld within the elliptical inclu-
sion is uniform and hydrostatic. Condition (44) gives a relationship
between the remote stresses and the thickness parameters of the
(N  2) interphase layers for given material parameters. If condi-
tion (16) for N = 3 or (42) for NP 4 is absent, the single or multi-
coated inclusion will become harmonic. It is expected that if we
still adopt the assumption of perfectly bonded interfaces as in Ru
(1999), the expression of the resulting condition leading to internal
uniform hydrostatic stresses will become considerably compli-
cated for NP 4 mainly due to the absence of recursive formula
similar to Eq. (39). Interestingly in this work we have incorporated
various ingredients encountered in the discussions of inclusion
problems, such as interphase layer with ﬁnite thickness, imperfect
interface with vanishing thickness, harmonic inclusions, neutral
inclusions and inclusions with internal uniform hydrostatic stres-
ses, in our optimum design.
X. Wang, P. Schiavone / International Journal of Solids and Structures 49 (2012) 800–807 807Acknowledgements
The reviewers’ valuable comments were highly appreciated.
X.W. was supported by Innovation Program of Shanghai Municipal
Education Commission (No. 12ZZ058), and research Grants at
ECUST. P.S. acknowledges the support of the Natural Sciences and
Engineering Research Council of Canada
References
Achenbach, J.D., Zhu, H., 1989. Effect of interfacial zone on mechanical behavior and
failure of ﬁber-reinforced composites. J. Mech. Phys. Solids 37, 381–393.
Achenbach, J.D., Zhu, H., 1990. Effect of interphase on micro and macromechanical
behavior of hexagonal-array ﬁber composites. ASME J. Appl. Mech. 57, 956–963.
Abeyaratne, R., Horgan, C.O., 1984. The pressurized hollow sphere problem in ﬁnite
elastostatics for a class of compressible materials. Int. J. Solids Struct. 20, 715–
723.
Antipov, Y.A., Schiavone, P., 2003. On the uniformity of stresses inside an
inhomogeneity of arbitrary shape. IMA J. Appl. Math. 68, 299–311.
Benveniste, Y., Miloh, T., 1999. Neutral inclusions in conduction phenomena. J.
Mech. Phys. Solids 47, 1873–1892.
Bjorkman, G.S., Richards, R., 1976. Harmonic holes? an inverse problem in elasticity.
ASME J. Appl. Mech. 43, 414–418.
Cherepanov, G.P., 1974. Inverse problem of the plane theory of elasticity.
Prikladnaya Matematika of Mechanika (PMM) 38, 963–979.
Kim, C.I., Vasudevan, M., Schiavone, P., 2008. Eshelby’s conjecture in ﬁnite plane
elastostatics. Q. J. Mech. Appl. Math. 61, 63–73.
Knowles, J.K., Sternberg, E., 1975. On the singularity induced by certain mixed
boundary conditions in linearized and nonlinear elastostatics. Int. J. Solids
Struct. 11, 1173–1201.Li, X., Steigmann, D.J., 1993. Finite plane twist of an annular membrane. Q. J. Mech.
Appl. Math. 46, 601–625.
Mansﬁeld, E.H., 1953. Neutral holes in plane stress? reinforced holes which are
elastically equivalent to the uncut sheet. Q. J. Mech. Appl. Math. VI, 370–378.
Milton, G.W., Serkov, S.K., 2001. Neutral coated inclusions in conductivity and anti-
plane elasticity. Proc. R. Soc. Lond. A457, 1973–1997.
Muskhelishvili, N.I., 1953. Some Basic Problems of the Mathematical Theory of
Elasticity. Noordhoff, Groningen.
Ru, C.Q., 1998. Interface design of neutral elastic inclusions. Int. J. Solids Struct. 35,
559–572.
Ru, C.Q., 1999. Three-phase elliptical inclusions with internal uniform hydrostatic
stresses. J. Mech. Phys. Solids 47, 259–273.
Ru, C.Q., 2002. On complex-variable formulation for ﬁnite plane elastostatics of
harmonic materials. Acta Mech. 156, 219–234.
Ru, C.Q., Schiavone, P., Sudak, L.J., Mioduchowski, A., 2005. Uniformity of stresses
inside an elliptical inclusion in ﬁnite elastostatics. Int. J. Nonlinear Mech. 40,
281–287.
Sudak, L.J., Ru, C.Q., Schiavone, P., Mioduchowski, A., 1999. A circular inclusion with
inhomogeneously imperfect interface in plane elasticity. J. Elast. 55, 19–41.
Varley, E., Cumberbatch, E., 1980. Finite deformation of elastic materials
surrounding cylindrical holes. J. Elast. 10, 341–405.
Wang, X., 2010. N-phase elliptical inhomogeneities with internal uniform stresses
in plane elasticity. ASME J. Appl. Mech. 041018 (11 pages).
Wang, X., Pan, E., Sudak, L.J., 2008. Uniform stresses inside an elliptical
inhomogeneity with an imperfect interface in plane elasticity. ASME J. Appl.
Mech. 75, 054501, 5 pages.
Wheeler, L.T., 1985. The problem of minimizing stress concentration at a rigid
inclusion. ASME J. Appl. Mech. 52, 83–86.
Wheeler, L.T., 1992. Stress minimum forms for elastic solids. Appl. Mech. Rev. 45, 1–
11.
